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1 Introduction 



Integrable equations play important role in both Mathematics and Physics. Unfortunately, 
rigorous and universal definition of integrability applicable in all situations does not exist. 
Different viewpoints on the integrability can be found in [Tl[2]. It is well known that integrable 
2-dimensional PDEs 

Ut = F{u,U^,...,Unx) (1-1) 

like the KdV-equation, for any N possess families of exact solutions depending on arbitrary 
constants Ci, ...,cn- All these finite-gap and solitonic-type solutions can be constructed by so 
called ODE-reductions. A pair of compatible A^-component systems of ODEs 

rl = f{r\ ...,r^), rl = g\r\ ...,r^), t = 1, N (1.2) 

is called an ODE-reduction of (11.11) if there exists a function f/(r^, r^) such that u = 
[/(r^(x, t), r^(x, t)) satisfies (II. ip for any solution r^{x,t), ...,r^ {x,t) of (II. 2p . It is clear 
that the solution u depends on arbitrary parameters being initial values for (ll.2p at generic 
point. The existence of special ODE-reductions for arbitrary can be chosen as a criterion 
of integrability for equation (II. ip . For example, one can assume that (II. ip admits a series of 
differential ODE-constraints 

where m is arbitrary. Clearly, equation (ll.ip and the ODE-constraint can be rewritten as a pair 
of compatible dynamical systems with respect to x and t. Another example of ODE-reductions 
is provided by Dubrovin's equations |3]. However, in the 2-dimensional case there exist more 
efficient and constructive integrability criteria, like the existence of higher local symmetries or 
conservation laws (see [3] and references therein). 

If the number d of independent variables is greater then 2, then higher local symmetries for 
integrable models do not exist (for some generalization of the symmetry approach to the case of 
non-local symmetries see [5]). In such a situation the existence of A^-component reductions can 
be regarded as one of the most powerful methods of searching for new integrable models. Notice 
that one has to consider for the reductions some compatible systems of PDEs of dimension 
<d-l instead of ODEs fOD . 

In |6] this approach has been systematically apphed to some classes of 3-dimensional systems 
of the form 

n n n 

^aij{u)uj^t + ^bij{u)uj^y + '^Cij{n)uj^x = 0, i = l,...,n + k, (1.3) 
j=i j=i j=i 

where u = (ui, . . . , m„), and > 0. Pairs of compatible diagonal semi-Hamiltonian (see formula 
(2.12)) hydro dynamic-type systems of the form 

rl = v\r\...,r'')rl r' = w'{r\ ...,r^)ri z = l,2,...,N, (1.4) 
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have been taken for reductions. According to definition of reductions, the corresponding solu- 
tions of (11.31) are determined by some functions f/*(r^, ...,r^),i = 1, n converting any solution 
of (II. 4p to a solution of (11. 3p . In hydrodynamics such solutions describe nonlinear interaction 
of planar waves. Sometimes they are called A^-phase solutions. 

Clearly, the general solution of (11. 4p contains A^ arbitrary functions of one variable. It 
turns out that functions in the reduction (11.41) may contain additional functions of one 

variables as functional parameters and the number of these functions is not greater then A^. In 
|6j the existence of hydrodynamic reductions (ll.4p locally parameterized by A^ functions of one 
variables, where A^ is arbitrary, was proposed as a criterion of integrability for systems (11.31) . 
The corresponding A^-phase solutions depend on 2N arbitrary functions of one variables. 

Usually the integrability of systems (11.31) is associated with a representation of (II. 3p as com- 
mutativity conditions for a pair of vector fields [7j. For systems that admit the pseudopotential 
representation [H [U [TOl [11] these vector fields are Hamiltonian whereas for some integrable mod- 
els the vector fields have more complicated structure. Moreover, for some systems the vector 
fields depend on a spectral parameter. Thus it is very difficult to choose any constructive class 
of the vector fields covering all known examples and to propose an universal definition of inte- 
grability based on the commutativity of vector fields. The same problems arise with definitions 
of integrability given in terms of dispersionless Lax or zero-curvature representations. 

Quite the contrary, the hydrodynamic reduction approach is universal. This means that 
all integrable models known by now admit the hydrodynamic reductions. All notions of this 
approach can be rigorously defined (see Section 2). It was demonstrated in [6] that the existence 
of hydrodynamic reductions can be algorithmically verified for a given system (ll.3p and what 
is more can be efficiently used for classification of integrable cases. 

Families of systems (ll.4p parameterized by A^ functions of one variables can be described in 
terms of the so-called systems of Gibbons-Tsarev type (GT-type systems). The GT-type sys- 
tems play a crucial role in the approach to integrability based on the hydrodynamic reductions. 

Definition. A compatible system of PDEs of the form 

diPj = f{pi,Pj,Uu...,Un)diUi, ij^j, i,j = l,...,N, 

diUm = gm{Pi,Ui,...,Un)diUi, 171 = 2, . . . , u, i = 1, . . . , N , (1.5) 

didjUl = h{pi,pj,ui, ...,Un) diUidjUl, i j, i,j = l,...,N 

is called n-fields GT-type system. Here pi, ...,Pn, ui, Un are functions of r^, , N > 3 and 
di = Notice that the compatibility conditions give rise to a system of functional equations 
for the functions /, Qk, h and these equations don't depend on A^. 

Example 1 [lOj. The system 

Pj{pj-1) Um{Um-l) 

OiPj = -^^-^ OiUi, diUm = — ^ OiUi, m = 2, ...,n, (1.6) 

Pi - Pj Pi - Um 
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didjUl = _ \2 ^ diUidjUi, i,j = 1, A^, i 7^ j (1.7) 

[Pi Pj) 

is an n-field GT-type system for any n, N. □ 

The original Gibbons-Tsarev system [12] is a degeneration of (11 .Gp . (11.71) . A wide class of 
integrable systems (II. 3p related to (II. 6p . (I1.7p is described in [TU]. An elliptic version of this 
GT-type system and the corresponding integrable 3-dimensional systems were proposed in [11] . 

Definition. Two GT-type systems are called equivalent if they are related by a transfor- 
mation of the form 

Pi ^ \{pi,ui, ...,Un), i = l,...,N, (1.8) 
Um ^ fi'miui, ...,Un), m = l,...,n. (1.9) 

Remark 1. Our Definitions and formulas (II. 5p . (II. 8p . (ll.Sp admit a coordinates-free inter- 
pretation. Let M be a bundle with one-dimensional fiber E and n-dimensional base F. Then 
each of pi is a coordinate on E and ui, ...,Un are some coordinates on F. Thus we obtain a 
notion of a GT-type structure on M. It is likely that there exists a canonical GT-type structure 
on the natural bundle over the moduli space Mg of genus g algebraic curves. Here E is a curve 
corresponding to a point in Mg. We will not use coordinates- free language in this paper. 

For generic GT-type systems the functions /, h have a pole at Pi = pj. However, there exist 
GT-type systems holomorphic at pi = pj. 

Example 2. The system 

diPj = 0, diUm = gmiPi)diUi, didjUl = (1.10) 

is an n-field GT-type system for any n,N and any functions gm{x)- Notice that only special 
choice of the functions gm{x) gives rise to pairs of compatible semi-Hamiltonian systems (11.40 . 
□ 

In this paper we study systems (II. 3p related to GT-type systems of the form (ll.lOp . The 
main motivation is the following observation. We examined the 3-dimensional travel wave 
reductions for known examples of integrable c?-dimensional systems with d > 3 and found that 
the GT-type systems corresponding to these reductions are equivalent to (11.100 with rational 
functions gk- We believe that this observation gives us an algorithm for constructing of new 
interesting examples of integrable multi-dimensional systems. 

The paper is organized as follows. In Section 2.1 following [B], we describe the hydrodynamic 
reduction method and show that any integrable system (II. 3p is related to a GT-type system. 
Section 2.2 is devoted to the return way from GT-type systems to integrable 3-dimensional 
systems. Moreover, we present all known to us GT-type systems and give a new interpretation 
of results obtained in [ini [H] . 

In Section 3 we consider GT-type systems (ll.lOp with rational functions gm{x). Using an 
algorithm described in Section 2.2, we construct the corresponding families of compatible pairs 



4 



of hydrodynamic-type 2-dimensional systems, and finally 3-dimensional systems of the form 
(11.31) with arbitrary n, k, whose hydrodynamic reductions are given by our 2-dimensional sys- 
tems. It turns out that all these 3-dimensional systems possess pseudopotential representations 
with a spectral parameter. In the generic case, the coefficients of the 3-dimensional systems 
are expressed in terms of exponents of Uj. Degenerations considered in subsection 3.2 involves 
polynomials in addition to the exponents. In the case of small n and k some of our systems are 
equivalent to known dispersionless equations of second order. In particular, the generic system 
corresponding to n = 3, = 1 is equivalent to the dispersionless Hirota equation 

o-iZ^Zyt + a2ZyZxt + o-zZtZxy = 0, oi -|- a2 + as = 0. 



Acknowledgments. Authors thank M.V. Pavlov for fruitful discussions. V.S. is grateful to 
IHES for hospitality and financial support. He was partially supported by the RFBR grants 
08-01-461 and NS 3472.2008.2. 



2 The GT-type systems and integrability 
2.1 The method of hydrodynamic reductions 

Recall the definitions of the hydrodynamic reduction method and the corresponding criteria of 
integrability for 3-dimensional hydrodynamic-type systems [6J. 

Definition. An (l+l)-dimensional hydrodynamic-type system of the form 

rl = \\r\...,r'')rl z = l,...,A, (2.11) 
is called semi-Hamiltonian if the following relation holds 



1 m 



dj^—^ = d, ,'\ , i^J^m, (2.12) 

Semi-Hamiltonian systems have infinitely many symmetries and conservation laws of hy- 
drodynamic type [Hj. 

Definition. A hydrodynamic reduction of a system (II. 3p is defined by a pair of compatible 
semi-Hamiltonian hydrodynamic-type systems 

r\ = \\r\ r^) t\ = ^i\r\ r^) i = 1, A, (2.13) 

and by functions Mi(r^, ...,r^), ...,u„(r^, ...,r^) such that for each solution of (12.131) the func- 
tions 

Ml =?ii(ri,...,r^), Un = Un{r\...,r'') (2.14) 

satisfy (II. 3p . 
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According to a system (11. 3p is called integrable if it possesses as many hydrodynamic 
reductions as possible. Namely, substituting (12.141) into (11.31) . eliminating t- and ^/-derivatives 
via (I2.13p . and equating coefficients at to zero, we obtain 

n n n 

'^aij{u) \''diUj+'^bij{u) ii''diUj+'^Cij{u) diUj = 0, i = l,...,n+/c, / = 1, ...,A^. (2.15) 

j=i j=i j=i 

For each fixed / this is a linear overdetermined system for n unknowns diUi, ...,diUn, whose 
coefficients do not depend on /. This linear system must have non-zero solution so all its n x n 
minors must be equal to zero. These minors are polynomials in A', /i' independent on /. We 
assume that this system of polynomial equations is equivalent to one equation 

P(A',^') = (2.16) 

(otherwise A', /x' are fixed and we have not sufficiently many reductions). Equation (I2.16p 
defines the so-called dispersion algebraic curve. Let p be a coordinate on this curve. Then 
(I2.16P is equivalent to equations 

a' = F{pi, Ml, Un), /Lt' = G{pi, Ml, ...,Un) 

for some functions F, G. Assume that for generic pi the linear system (12.151) has one solution 
up to proportionality. Solving this system, we obtain 

diUm = gmiPi,Ui,...,Un)diUi, 171 = 2, ...,n, i = l,...,N (2.17) 

for some functions gm- Rewrite (I2.13P in the form 

rl = F{pi,ui,...,Un)ri, rj = G(pi, mi, M„)r^, i = l,...,N. (2.18) 
It is easy to see that the compatibility conditions for (I2.18P have the form 

^^F{pJ) _ d,G{pj) 
F{pi)-F{p,) G{p,)-G{p,y ^ • ^ 

Here we omit arguments Ui, m„ in F, G. From (I2.19P we can find diPj in the form 

diPj = f{pi,pj,ui,...,Un)diUi, ij^j, j = 1, ...,iV. (2.20) 

Finally, the compatibility conditions didjUm = djdiUm give rise to 

didjUi = h{pi,pj,ui,...,Un)diUidjUi, i ^ j, i,j = 1, N. (2.21) 

Collecting equations (I2.15p . (I2.20p . (I2.2ip together, we obtain a system of the form (11.51) . Since 
we want to have as many reductions as possible, we assume that this system is in involution (i.e. 
fully compatible). In this case the family of hydrodynamic reductions (12.180 locally depends 
on N functions in one variable. 
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2.2 From GT-type systems to integrable models 

In the classification works |6] the authors start from a class of systems ( 11.31] with fixed small n 
and k, calculate the corresponding GT-type system and derive integrability conditions for (11. 3p 
from the compatibility conditions for the GT-type system. 

In this section we trace the return way and show how to construct wide classes of integrable 
systems (11. 3p with arbitrary n and k starting from a given GT-type system. We also describe 
our previous results flUl ITT] from this point of view. 

A list of known one-field GT-type systems is given by the following examples. 

Example 3. Let P{x) = a^x^ + a2X^ -|- aix + a^. Then 



p{u){pi-pjy 



P{pj){u-pi) . . 

P{u){Pi-Pj) 

where 

K2{pi,Pj) = 2az{pi-pjf, 
Ki{pi,Pj) = -asip'^iPj + PiP]) + «2(Pi +P]- ^PiPj) - aiiPi + Pj) - 2ao, 
Ko{Pi,Pj) = '^a^ph] + (^2{p1Pj + PiP^j) + + P?) + «ofe + Pj) 
is an one-field GT-type system. 

Using transformations of the form 

au + h api + h 

cu + a cpi + a 

one can put the polynomial P to one of the canonical forms: P{x) = x{x — 1), P{x) = x, or 
P{x) = 1. □ 

Note that in the case P{x) = x{x — 1) we return to the Example 1 with n = 1. 
Example 4. Let 



e{z, r) = 5^(-l)"e-(— ^-^), piz, r) = |^ 



^2lTt{aZ+^^ '-T) 

Then 



daPp = (p{Pa - Pp) - p{Pa))daT, 

dad/sT = -—p'iPa - Pf3)dardpT, 
Til 

where a, /3 = 1, A^, a 7^ /3, is an one-field GT-type system. □ 
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It turns out that if we add the following equations 



diUm = f{pi,Um,u)diUi, 171 = 2,. ..,12 

to any one-field GT-type system 

diPj = f{Pi,Pj, ui) diUi, didjUi = h{pi,pj, ui)diUidjUi, 

then the system of PDEs thus obtained is in involution. One can obtain ra-fields GT-type 
system for any n in this way. We call this procedure regular extension. For example, in the 
case of Example 4 the regular extension is given by 



The Example 1 is a regular extension of Example 3 with P{x) = x{x — 1). As far as we 
know, the regular extensions of Examples 3, 4 are the only GT-type systems appeared in the 
literature. In this paper we investigate the simplest possible GT-type system from Example 2 
and obtain the corresponding systems of the type (11.31) which are probably new. 

A basic object associated with a given GT-type system is a pair of compatible (1+1)- 
dimensional hydro dynamic-type systems of the form (12.181) . One should solve the functional 
equation (I2.19P in order to find all possible functions F, G. Notice that the derivatives in (I2.19P 
are supposed to be calculated by virtue of the GT-type system. 

The existence of non-constant solutions F, G for the functional equation (12.191) is an addi- 
tional condition, which we impose on the GT-type system. For instance, in the case of Example 
2 the solutions exist not for any functions Qm- 

The following statement can be proved straightforwardly. 

Proposition 1. Any one-field GT-type system having a non-constant solution of the form 
F{p,u), G{p,u) for the functional equation (12.191) is equivalent to one described in Example 3. 
□ 

In [To] we found the following solutions F, G for the n-field GT-type system in Example 1: 

Proposition 2. Fix si,...,Sn+2 £ C. Consider the following compatible overdetermined 
system of linear PDEs: 






i,j = l,...,n, j^k, 



dujduk Uj — Uk duk Uk — Uj duj 



and 



dujduj 



n+2 



fe=l 



) 



Uj{Uj — 1) 



■h + 



Uj{Uj — 1) 



n 



Ukiuk - 1) dh 



Uk-Uj duk 
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It is easy to show that the vector space Ti. of all solutions is n + 1-dimensional. For any h G Ti 
we put 

S{h,p)= ^ Ui{ui-l){p-ui)...i...{p-Un)hu,+ 

l<i<n 

(1+ ^ Si){p-Ui)...{p-Un)h. 

l<i<n+2 

Clearly, 5* is a polynomial of degree n in p. 

Let hi,h2, hs be linearly independent elements of TC. Then 

_ S{hi,p) _ S{h2,p) 

s{h,py "^'sih^p) ^'-''^ 

satisfy the functional equation (12.191) for reductions. 

In the case when the degree of S is less then n the solutions are given by more complicated 
determinant formulas (see [10]). □ 



For the regular extensions of the Example 4 solutions of the functional equation (12.191) are 
given by the same formula ( ]2.22p . where 



S[Kp)= > — ■ rK^ - [Si + ... + Sn) , . , . h.. 



Here rj = SiUi+...+SnUn+rT+riQ, where Si, s^, r, tjq are arbitrary constants and h{ui, ...^Un, t) 
is a solution of the following elliptic hypergeometric system: 

Sa{p{Ua - Up) + p{up + 7]) - p{Ua) - p{'q))hup, 



Kc.uc, = (p{Ua) + P{V) - p{Ua " Up) - p{up + 7])^ Kp + 

( -S/^Pl^a - Up) + (S„ + 1)p(m„ + 77) + 
SoLp{-f]) + (So - S„ - l)p(Ua) + l-Rir^K^ - SoSa{p'{Ua) - p'{v))h, 

Given a GT-type system and a solution F, G of the functional equation (I2.19P for reduction, 
one can easily construct an integrable system of the form (11.31) . Integer k is called the defect of 
the system. 
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Lemma 1. Consider the linear space V of functions in p spanned by 

{F{p,ui, ...,Un)gj{p,ui, ...,M„), G{p,ui, ...,Un)gj{p,ui, ...,Un), gj{p,ui, ...,Un); j = 1, ...,n}. 

Here by definition gi = 1. Then the system of the form (11.31) with reductions (12.181) consists 
of / equations iff V is (3n — /)-dimensionaL Moreover, the coefficients of (II. Sp are defined by 
relations: 

n 

(^aij{u)F{p,ui, ...,Un)+bij{u)G{p,ui, ...,Un)+Cij{uj^gj{p,ui, ...,m„) = 0, i = I, ...,n+k. 
An explicit form of integrable systems (II. 3p corresponding to Examples 3, 4 can be found 



m 



mm- 



3 Weakly nonlinear 3- dimensional systems 

For generic GT-type systems the functions /, h have poles at Pi = pj. However, there exist 
GT-type systems holomorphic at Pi = pj. 

We call integrable system (11.30 weakly nonlinear if the corresponding GT-type system is 
holomorphic at Pi = pj . It is possible to check that if A; = 0, then any 2-dimensional system 
describing travel wave solutions u = u(cix + C2y + c^t, c^x + c^y + cet) for weakly nonlinear 
3-dimensional system (11.31) is a weakly nonlinear 2-dimensional system in the sense of [T3] . 

Example 5. Consider the following 3-dimensional system (see [6]): 

Vt + aVx + pVy + qWy = 0, Wt + bw^ + rVy + sWy = 0, (3.23) 

where 

P(w) P(v) 
a = w, b = V, r = , q 



w — V V — w 



s = ^± + -P\v), p= p'{uj) 
W — V 6 V — W 6 



Here P is an arbitrary polynomial of degree three. 
The corresponding GT-type system is given by 



P{w) 2 f 1 P'{^)\ f 1 P'{w)\ P{v) 

{w — v)P[v) ■' \w — V P[v) J \v — w P[w> J [v — w)P[w) 



diV = PidiW, 

* {v-w)P{v) v-w P[w) ' 
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This GT-type system is polynomial in Pi,Pj and therefore the corresponding 3-dimensional 
system is weakly nonlinear. It is possible to verify that this GT-type system is equivalent to 

diPj = 0, diU2 = PidiUi, didjUi = 0. 

□ 

It was mentioned in [GJ that the system (13.231) possesses a hydro dynamic-type Lax repre- 
sentation depending on a spectral parameter. It turns out that this is a general property of 
3-dimensional systems corresponding to GT-type systems of the form (11.101) . 

Proposition 3. Let F{p, ui, ...,Un), G{p, Ui, m„) be a solution of the functional equation 
fl2.19p for a GT-type system fll.lOp . Then the corresponding 3-dimensional system admits the 
Lax representation 

i^t = F{^, Ml, ...,Un) i^x, 'ipy = G{^, Ml, M„) ^a;, 

where ^ is a spectral parameter. □ 



3.1 Generic case 



Using our observation that the GT-type system from Example 5 is equivalent to (11.101) with 
rational functions Qm, we generalize Example 5 to the case of arbitrary n and k. 

Consider the (n-M)-field GT-type system ffTTOD with = Mm/M, where M, Mi, M„+i 
are generic polynomials of degree n. Suppose that M has pairwise distinct roots Aq, Ai, A„. 
Then up to equivalence the GT-type system can be written as 



diPj = 0, diUr, 



Am ~ Aq 



diW, 



didjW = 



(3.24) 



Pi - K 

with fields denoted by Mi, u^, w. 

Let Hn be the linear space of functions in ui,...,Un spanned by 1, e"i,...,e"". For any 
function g = Qq + aie^^ + ... + 0^,6"" G if„ we put 



Sn{g,p) 



ao 



a,e 



For /c G N such that 0</i;<n — Iwefix functions hi, hk G Hn, where hi = 6i,o + + 
... + bi „e"" , and define 



Sn,k{g,p) = det 



/ Sn{g,p) Sn{hi,p) 
9 hi 

O'n-k+2 &l,n-/c+2 



K 



Sn{hk,p) \ 

hk 

bk,n-k+2 
bk,n ) 



(3.25) 
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By definition, Sn,o{g,p) = Sn{g,p). 

Proposition 4. Let gi, g2, gs be linearly independent elements of Hn- Then for any 
< A; < n — 1 the functions 

Sn,kigi,Pi) ^ Sn,k{g2,Pi) /Q 0«^ 

^ = — 7 V' ^ = 7^ 7 V [6.Zb) 

^n,k{g3,Pi> ^n,k{93,Pi> 

satisfy the functional equation (12.191) for hydrodynamic reductions. □ 

To find an explicit form of the corresponding 3-dimensional systems we note that 



1=1 

is an equation from the 3-dimensional system iff 

^ ' _ ^ (AiSn,k{gi,p) + BiSn,k{g2,p) + CiSn,k{gz,p)) = 

i=l ^ * 

as function in p. Let g^ = + aj le"^ + ... + aj^„e"", i = 1,2, 3. 

li k = 0, then the corresponding 3-dimensional system reads as follows: 

(a2,ia3j - a2,ja3,i)e h (02,^03,0 - 03,^02,0)-: 7 — V 

Ai — Aj Ai — Aq 



(fls.iOij - a3jai,i)e"^^^j2 + (a3,»Qi,o - Qi,iQ3,o) . + (3.27) 

Aj — Aj Ai — Aq 



(«i,ia2,j - a'i,ja2,i)e^' + (ai,ja2,o - a2,iai,o)T-^^ = 0, 

, ^ :~ . , . \ — \ — -^0 

where i = 1 n. 



If A; > 0, then the corresponding 3-dimensional system reads as follows: 



J2 [Mg2)A,{gs)-A,{g,)Mg,)y^^^^^f-^^ 

.n—k+l,j^i * J * 

[Mgs)A,ig,)-A,igs)Mgi))e-^^^^f^^+[M^^^ 
J2 [A,ig,)A,ig,)-A,{g,)A,{g,))e-^ '''^~^^^^^ 
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where i = 1, ...,n — k + 1 and 



n— fc+l n—k+1 



n-k+l 



n-k+1 

where i = n — k + 2, ...,n. Here r,s = 1, 2, 3, ta = x and 



Aj — Xj 



A,' — Ar 



Aj — Aj 



A,' — An 
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A,((7) =det 



hi 
hi. 



O'n-k+2 bi^n-k+2 
\ 0"n &l,n 



hk \ 

bk,j 

bk,n-k+2 



bk,n ) 



for j = g = ao + aie"i + ... + a„e"", /ii = 6i,o + &i,ie"i + ... + 6i,„e"",...,/ifc = 6fe,o + &fc,ie"' + 

••• + &/c,ne"". Note that this equations are hnearly dependent and the system is equivalent to a 
system with n + k hnearly independent equations. 

Proposition 5. li k = 0, then the corresponding system ( 13.27P possesses the following 
n + 1 conservation laws of hydrodynamic type: 



where i = 1, ...,n and 
Here 



and 



+ 



S:'a{gs,X^) S:'sigi,X, 



ai,ie 



S:^s(^gi,X,) S:'aig2,X^) 



aiAe 



a2,ie 



-Ui 



0, 



t2 



Sl^^giAo) sr^g^Ao) 

Oin 02,0 



s::\gAo) = {sn{g,v)' 



P- X, 
p- Ao 



p=Ao 



Proposition 6. If A; > 0, then the corresponding system possesses the following 3k conser- 
vation laws of hydrodynamic type: 



A{gr, hi, ...i...hk) 
A{hi,...,hk) 



A{gs, hi, ...i...hk 
A{hi,...,hk) 



(3.28) 
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where i = 1, k, r, s = 1,2,3, = x and 

A(/i,...,/fc) = det 



/ /i - fk \ 

,u. 



'■n-k+2 



fk,U„ ) 



Remark 2. It is likely that for > the corresponding 3-dimensional system possesses 
additional n + 1 conservation laws of hydrodynamic type. 

Remark 3. Proposition 6 allows us to define functions z^, ...,Z]. such that 



A{gr,hi,...i...hk) 



(3.29) 



A{hi, hk) 

for all i = 1, ...,k and r = 0, 1, 3. See [10] or [11] for further discussion. 
3.2 Degenerations 

Our constructions of GT-type systems and functions Sn,k are valid in the case of pairwise distinct 
roots Ao,...,An. In this section we study degenerations of the GT-type systems described in 
Section 3.1. 

Define polynomials Pi{ui,U2, ■■■) as coefficients of the following Taylor expansion 
exp [eui + e^U2 + ...) = 1 + Pis + PiS^ + ■■■. 

In particular, 

1 1 

Pl=Ui, P2 = U2 + -ul, P3 = U3 + U1U2 + -ul- 

I 

Denote the partial sums 1 + Y^i=\ -P*^* by Qk[f)- By definition, Pq = Qo(£^) = 1- 

Degeneration 1. This degeneration corresponds to the case Aq 7^ Ai = ... = A„. Consider 
the following (n + l)-field GT-type system with fields u\, Un, w: 

d,p, = 0, d,Um = ( (^3a^ + ^p^_l^)m+i ) = 0- (3-30) 

For any vector (oq, ) define 

n 

5f = ao + e"*! ^ ttiPi-i 



i=l 



and 
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Degeneration 2. This degeneration corresponds to the case Aq = Ai 
the following (n + l)-field GT-type system: 

-diW, didjW — 0. 



diPj = 0, diUm 

For any vector (oq, Oi, On) define 
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X„. Consider 



(3.31) 



1=0 



and 



Sn{9,p) = 



i=0 



aiQijp - Aq) 

{p-Xoy+' ■ 



Combining these degenerations, one obtains the general case. Let Aq, A; be pairwise dis- 
tinct roots of multiplicities no + l,ni...,ni correspondingly. Note that no + --- + ni — n. Consider 
the following (n + l)-field system with fields Uo,i, iio,no, ^*i,ni, ■-, Ui,ni w: 



diPj = 0, diUQ., 



As — Ao 



+ 



(Pi-Ao)- ^ ' ^^'"^ V(P^-A.)- (Pi-A,)-+i 
For any vector (ao,o, ao,i> ao,no, ^hni) define 

no i ris 



diW, didjW = 0. 

(3.32) 



i-l 



1=0 



s=l i=l 



and 



no 



Sn{9:P) = 



ao,iQi{p - Ao) 



I Us 

+EE 



as,ie'''^'Qi-i{p- \s) 



(p-X,y+i (p-A,)^ 
Let A; > 0. Fix vectors (6o,o,i> ^o,ij, ^o.noj. ^i.mj, bi,ni,j), j = 1, k. Let 



no ' n, 

1=0 s=l i=l 



and similarly 



Define Sn,k{9,P) by 



no 



/ n. 



i=0 



s=l i=l 



Sn,k{9,p) = det 



9 hi 



\ 9vn 



Sn{hk,p) \ 

hk 

hk,Vn-k+2 



(3.33) 
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where (vi,...,v„) = (mo,i, wo.no, wi.m, ^*«,n,)- Then Proposition 4 holds. The 

exphcit form of the corresponding 3-dimensional systems can be calculated using the general 
recipe. 

4 Summary and discussion: toward a classification of 
integrable 3-dimensional hydrodynamic-type systems 

We summarize our previous remarks as the following project of classification of integrable 3- 
dimensional hydrodynamic-type systems: 

1. Classify (up to equivalence fll.Sp . fll.9p ) all GT-type systems (11.51) possessing a non-trivial 
solution of the functional equation (I2.19p . 

2. For each such GT-type system classify all solutions of the functional equation (12.191) . 

3. For each GT-type system and solution of (I2.19P construct the corresponding 3-dimensional 
system (see Lemma 1). 

This approach has the following advantages: 

a. It turns out that GT-type systems are universal: for each GT-type system there exist 
several families of the corresponding 3-dimensional systems depending on essential parameters. 
Moreover, it is likely that for each genus g = 0, 1, ... there exists an unique GT-type system 
(with one field for g = 0, 1 and with 3g — 3 fields for g > I) such that any generic 3-dimensional 
system with the dispersion curve of genus g corresponds to this GT-type system or its regular 
extension. 

b. Integrable systems (II. 3p are defined up to arbitrary point transformations. Since the 
equivalence problem for systems (11.30 is highly non-trivial, it is not easy to find the simplest 
coordinates in which a given 3-dimensional system has the simplest form. As the rule, the 
simplest coordinates for the GT-type system are at the same time the most natural coordinates 
for the corresponding system (11.30 . For example, each of the variables pi,u from the Example 
3 admits natural interpretation as a coordinate on CP^. Similarly, each of the variables Pi from 
the Example 4 can be naturally interpreted as a coordinate on an elliptic curve and r as a 
modular parameter of this curve. We expect that foTg>l there exists a canonical GT-type 
system with 35^ — 3 fields being coordinates on the moduli space of genus g curves. This GT- 
type system should have (an analog of) regular extensions with additional fields being points 
on this curve. One could find this GT-type system by study of hydrodynamic reductions for 
3-dimensional systems from [9]. On the other hand, taking into account the results related 
to (7 = 0, 1 we expect that there are much more 3-dimensional systems corresponding to the 
canonical GT-type system, than it was found in [9]. 

The main disadvantage of the approach outlined above is that the realization of the item 1 
is very hard for n > 1. We hope to address this classification problem later. In this paper we 
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consider the simplest possible GT-type system of the form (11.101) and demonstrate that even 
in this case there exists a rich family of interesting integrable 3-dimensional systems associ- 
ated with (ll.lOp . The coefficients of these systems are quasi-polynomials. Note that slightly 
more complicated GT-type systems from Examples 3 and 4 require generalized hypergeometric 
functions for description of the corresponding 3-dimensional systems. 
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